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ABSTRACT

A new stability parameter, “P(S):’ k defined for
~mear 2-port circuits It is shown that ~ >1 alone is
neceaaaryand sufficient for the circuit to be uncondition-
ally stable. This single parameter can replace the tradi-
tional Rolkt condition K >1 which requires that an
additional auxiliary condition also be met for absolute
stability.

1. INTRODUCTION

A linear 2-port cimuit is said to be absolutely, oruncon-
ditionally, stable if there is no passive source, lr~l c 1, and
passive load, ll’LI<1, combination that can cause the circuit
to oscillate. It has been shown [9], [2], [3] that the combin-
ationof the Rollett [7] condition

~= 1-IS1112-ISU12+IA12> ~

21s~&~l
(1)

together with any one of the following auxiliary conditions
is necessary and sufficient for unconditional stability.

B1= l+lS1112-lSz~-l A12>0 (2a)

B2 = 1–1S1112+ISZ?–IA12> O (2b)

IAI= lS1lS~ - S12S211<1 (%)

l-ls~~lz >ls@2~l (2d)

l–l SZ12>ls&l (2e)

The design of active circuits requires that multiple
parameters be evaluated over a wide frequency range much
larger than their intended pass-band. If a circuit or a device
fails to meet these conditions, it is difficult to assess the
degree of potential instability that exists since the values
associated with (1) and (2) provide little direct physical
insight into the degree of stability or lack thereof.

A New Approach

Ttminput and output reflection coefficient arerelatedto
the load and source reflection coefficient by the well known
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linear fractional transformation which maps circles into
circles (where a straight line is the special case of a circle
containing the point 00)[12]

The inverses,I’L= f ‘l(l’#,andI’~ = g ‘l(l’’OUt),are well
defined provided that S12S21# O

rs = g-l(rWt) =
Sa – rat

A - sllrout “

(3C)

(3d)

Consequently, the approach in this paper is to initially
assume that the circuit is not unilateral and then to examine
the unilateral case afterwards.

A cimuit is unconditionally stable if the function “f”
maps the unit disk in the I’L-planeinto the unitdisk in thel’h-
pkme (see figure 1). This is equivalent to saying that the
inverse f‘1 maps the unit disk in the I’b-pkme onto a region
which contains the unit disk in the l“L-plane.Note that the
unit disk is a set of complex reflection coefficient whose
magnitude is less than one. This is exactly the region repre-
sentedby theconventional orpassive Smith Chart denoted in
thispaperas USC standingfor UnitSm”thChat. Because of
the circle preserving property of linear fractional transfor-
mations the inverse mapping could typically look either like
figure lb or lc. These functional characteristics zmdtheir
analytical representation form the basis for defining the new
measure of stability.

A new parameter, “p; will be defined bawd upon the
mapping “f.” It will be shown that the vatue of p alone,
unambiguously determines if the circuit is unconditionally
stable or potentially unstable. A dual parameter designated
p’ can be defiied based upon the mapping “g” and it rdso
uniquely determines whether the circuit is unconditionally
stable. This approach also provides direct physical insight
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into the degree to which the Unit Smith Chart, USC, is
encroached by possible unstable loads and source regions
providing the enginexxwith a measure of the risk or margin
associated with his design.

Complex Representation of a Disk
(or Disk Complement)

The following inequality

IZ12–za - z“a’ < b (4)

where a is a complex number and b is a real number such that
I a 12+ b >0, describes a circular disk of complex points
whose center is C = a*, IC I= c, and whose radius is

r = ~b+lalz.

This is seen by adding the term Ia 12to both sides of (4)
and manipulating the results to get

lz–a”le&GK

If the “less than” sign in (4) were reversed to be a
“greater than” sign then

lz–a*l>~@-

which describes a region external to the above defined disk.
This external region is referred to therefore as a “disk
complement.”

(a)
ri. Plane

Unitdisk
(Use) +

(b)
rin Plane

2. DEFINING THE NEW STABILITY FACTOR p

The new parameter, ~, is defined as the minimum
distance in the I’L-planebetween the origin of the Unit Smith
Chart USC and the unstable region. A negative value for this
miss distance parameter indicates that the unstable region
overlaps the origin of USC. It turns out that p is described by
a relatively simple expression whose analytical form is the
same regardless of whether the inverse mapping, f ‘1, is of
the type illustrated by figure lb, or figure lc.

It will now be shown that the mapping “f ‘1: illustrated
in figures (lb) and (lc), will occur if and only if the distance
P(S) >1. This will be argued by showing that these mappings
imply that K(S)>1 and thenjustifying the reversibility of the
steps. The above statement is equivalent to the following
mathematical statement

~c c {FL:rLs f-l(lrhi< I)}] ~ ~(s) > I. (5)

The range of the map f ‘1( II’k I< 1), is determined by
lf(I’~1c 1. Straightforward substitution from (3a) yields

lrL12[lSn12 -lA12]+17@A* -S;2]

[ 1+l’LS;lA - S2 > 1S1112–1.

Dividing this expression by lSn12–IA12,one obtains the
complex variable representation of a disc or disc
complement (see (4)) depending on whether or not

rL Plane

+ Unitdisk (USC)

rL Plane
(c)

rin Plane rL Plane

Unitdisk
(Use) t +

I I U;it disk
(Use)

Unitdisk (USC)

Figure 1. Unconditional Stability in Terms of Mapped Regions
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lSn12-l A12<OOr lSu12-l A12>0. ThereSulting
inequalities are as follows,

~L _ S; – S1lA* < lsz~s~zl

ISZ12-1A? IA12–ISZ? (6)

where 1S212-IA12c O
and

~L _ S> - S1lA* 1s21s121

ISZ12–1A? > ISD12–IA? (7)

where lSn12–IA12>0.
The cimle defined by replacing the inequalities in (6)

and (7) with an equal sign is commonly referred to as a
stability cimle. The formulation resulting in (6) and (7)
preserves the information about which region is the stable
one.

One must now consider what is required for the USC to
be contained in the range of the mapping f‘1 as illustrated in
figures lb and lc.

Case 1: IS2212-IA12>0

In this case the range of our mapping in the rL phe k

theregionoutside thecircledefinedby (7) and must be of the
type illustrated in figure lb. It is clear that USC is contained
in the locus of points if and only if

c–r>l (8)

where
c = the distance from the center of the Smith Chart to the

center of the disk complement
r = the radius of the disk complement
Substituting the values for c and r from (7) into (8),

S& - S1lA* _ 1s21s121 > ~

ISU? -IA12 lSn12 -1A?

It is now important to note that the denominator of the
expression fore must be positive since lS2~2–IA12>O.So one
can simplify this expression as follows

lSa - S;lAI-IS21S121> ~

lS=? –IA12
(9)

Case 2: 1S212–IA12c O

In this case the range of the mapping “f ‘1” is the region
inside the disk defined by (6) and must be of the type
illustrated in figure lc. It is clear that USC iscontained in this
locus of points if and only if

r–c>l (lo)

Substituting the values for c and r from (6) into (10),

It is now imporrant to note that the denominator of the
expression for c must be negative since IS2212–IA 12c O.
So one can simplify this expression as follows

ls&21 lS&S1lA*l>l

IA12–ISZ12 – IA12–ISZ12

By reordering the terms in the denominator, one arrives
at the following result

1S22– S;lA1–lS2&l > ~

1S22~ -IA12 (11)

It is important to note that(11) is i&ntical to (9), and
thus a single, stability parameter emerges regardless of the
value of ISU12–IA12.

The apparent singularity presented by the denominator
of(11) can be eliminated and the expression further simpli-
fied by noting that

Factoring the numerator of (12) which is the difference of
two squares and substituting 1S212-IA12from (12) into(11)
yields,

l–MI,?p. >1,
ISZ – AS;l I+ IS21S121 (13)

It is interesting to note that the case where
ISZ12–IA12= Oresults in a stability circle which is a straight
line but presents no difficulty with (13).

All steps taken above have been completely reversible,
so it has been shown that the mapping “f ‘1”, illustrated in
figures (lb) and (lc), will occur if and only if~(S) >1.

3. PROOF THAT p >1 @ UNCONDITIONAL
STABILITY

In order to prove that p >1 if and only if unconditional
stability exists, it must fiist be shown that the mapping ‘Y’
ilhwated in figure la implies that

K>l (14a)

1- IS’’12>IS21S” I (14b)

The ~ge of the mapping of f ( lrL I< 1) is determined
by If ‘l(l’ti) Ic 1.Solving for rh, one obtains the following,
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‘riJ2[’s22’2-’1+w@22A*l
4. DEFINITION OF THE DUAL PARAMETER /A’

Another parameter, p’, can be defined based on the

+1’& - S~A] > lS1l~ -IA12
(15) mapping function “g” in (3) and likewise V’>1 if and only

if a 2-port network is unconditionally stable. The dual
It is now desirable to divide both sides of (15) by parameter is given by

ISZ12–1.If lSn12–1>0, the range of the mapping”f” would
be a disk complement and contradictory to the assumption l-l S22!2
thatthe mapping is that illustrated in figure la. Therefore, p’ E >1

lS1l– AS~l+lS21S121
(22)

lSfi12- 1<0. Dividing (15) by ISJ2- 1 and simplifying as
illustrated in (4), one obtains

Thisfurther implies that K(S)> e jA’(S)>1.

r _S1l-S~A < IS2*$21 5. CONCLUSIONS
m 1–1s2212 [’-’s22’21 (16) It has been shown that a single parameter, p, exists that

is necessary and sufficient to show unconditional stability of
By noting that this mapping results in a disc that lies any 2-port network. A companion parameter, ~’, also exists

inside the USC in the I’ti plane (see figure la), we see that and is necessary and sufficient to show unconditionalstabil-
c + r <1 and moving r to the right hand side yields ity of any 2-port as well. A comparison of the new stability

parameter @or p’) for S-parameter values that satisfy or
lS1l–S~Al <l_ 1s21s121

(17)
violate the traditional stability conditions (1) and (2) has

1-1s2212 1–1s2212 been done and is left as an exercise for the reader.

Since the left side of (17) is greater than or equal to zero,
then
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